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Abstract. The graph rewriting system of interaction nets has been very
successful for the implementation of the lambda calculus. In this paper
we show how the ideas can be extended and simplified to encode Gödel’s
System T —the simply typed λ-calculus extended with numbers. Surprisingly, using some results about System T , we obtain a very simple
system of interaction nets that is significantly more efficient than a direct
encoding for the evaluation of programs.
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Introduction

Gödel’s System T [7] is the simply typed λ-calculus, with functions and product types, extended with natural numbers. It is a very simple system, yet has
enormous expressive power—well beyond that of primitive recursive functions.
Interaction nets [9] are a model of computation, based on graph rewriting.
They are user defined rewrite systems and because we can write systems which
correspond to term rewriting systems we can see them as specification languages.
But, because we must also explain all the low-level details (such as copying and
erasing) then we can see them as a low-level operational semantics or more
specifically, as an implementation language. Supporting this latter point, we
remark that in general graph rewriting, locating (by graph matching) a reduction
step is considered an expensive operation, but in interaction nets there is a very
simple mechanism to locate a redex (called an active pair in interaction net
terminology), and there is no need to use expensive matching algorithms. There
are interesting aspects of interaction nets for parallel evaluation—we will hint
at some of these aspects later in the paper.
Over the last years there have been several implementations of the λ-calculus
using interaction nets. These include optimal reduction [8], encodings of existing strategies [12, 15], and new strategies [13, 14]. One of the first algorithms to
implement Lévy’s [11] notion of optimal reduction for the λ-calculus was presented by Lamping [10]. Asperti et al. [3] devised BOHM (Bologna Optimal
Higher-Order Machine) building on the ideas of Lamping.
The purpose of this paper is to add to this list of interaction net implementations and to bring together on one hand the successful study of encoding
λ-calculus and related systems into interaction nets mentioned above, together
with the result that Gödel’s System T can be encoded with the linear λ-calculus
and an iterator [2]. Specifically, there are redundancies in System T —copying
and erasing can be done either by the iterator or by the λ-calculus. We can remove the copy and erasing power of the λ-calculus, and still keep the expressive

power. Taking this further, we can also get primitive recursive functions as a
subset of this system. The key motivation for bringing these works together is
that the linear λ-calculus can be very easily encoded into interaction nets, and
therefore there is a hope for a very efficient implementation of this language.
The rest of this paper is structured as follows. In the next section we recall
the basic notations of interaction nets, to fix notation, and also give the definition of linear System T . In Section 3 we give a compilation of the calculus into
interaction nets and give the dynamics of the system together with some examples. In Section 4 we discuss some aspects of this work, and finally we conclude
in Section 5.
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2.1

Background
Interaction nets

In the graphical rewriting system of interaction nets [9], we have a set Σ of
symbols, which are names of the nodes in our diagrams. Each symbol has an arity
ar that determines the number of auxiliary ports that the node has. If ar(α) = n
for α ∈ Σ, then α has n + 1 ports: n auxiliary ports and a distinguished one
called the principal port.
x1

···
α

xn

Nodes are drawn as circles. A net built on Σ is an undirected graph with nodes
at the vertices. The edges of the net connect nodes together at the ports such
that there is only one edge at every port. A port which is not connected is called
a free port.
Two nodes (α, β) ∈ Σ × Σ connected via their principal ports form an active
pair, which is the interaction nets analogue of a redex. A rule ((α, β) =⇒ N )
replaces the pair (α, β) by the net N . All the free ports are preserved during
reduction, and there is at most one rule for each pair of nodes. The following
diagram illustrates the idea, where N is any net built from Σ.
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The most powerful property of this graph rewriting system is that it is onestep confluent: the order of rewriting is not important, and all sequences of
rewrites are of the same length (in fact they are permutations). This has practical
consequences: the diagrammatic transformations can be applied in any order, or
even in parallel, to give the correct answer. We write =⇒ for a single interaction,
and =⇒∗ for the transitive reflexive closure. An interaction net is in normal form

when there are no active pairs. The notation N ⇓ N 0 indicates that there exists
a finite sequence of interactions N =⇒∗ N 0 such that N 0 is a net in normal form.
Thus N is (strongly) normalising if N ⇓ N 0 .
2.2

System T

In this section we recall the main notions of Gödel’s System T . This is an applied
λ-calculus with, in addition to function types, products and natural numbers.
Intuitively, we can think of it as a minimal higher-order language that is an
extension to the simply typed λ-calculus. From an alternative perspective, it
is a language that has greater computational power than primitive recursive
functions—we can define Ackermann’s function for instance.
We refer the reader to [7] for a detailed description of System T . In [2] it
was shown that there are redundancies in this calculus: copying and erasing can
be done either in the λ-calculus or using the iterator. This leads to a simplified
presentation using the linear λ-calculus. In this paper we refine the calculus
further by introducing pattern matching. There is nothing deep in this step, but
it allows us to present the same computational power as System T in a very
precise syntax. In the following we assume familiarity with the λ-calculus [4],
and also some basic recursion theory.
Table 1 summarises the syntax of this linear System T . The first four lines
give the linear λ-calculus with pairs. The construct λp.t is the usual abstraction,
extended to allow patterns of variables or pairs of patterns (as defined at the
bottom of the table). The remaining three rules define the syntax for constructing
numbers and the iteration. We work with terms modulo α-conversion as usual.
The pattern notation requires a little explanation. In the term λp.t, if the
pattern p is a variable, say x, then we have the usual abstraction. However,
we allow richer patterns built from pairs. It is through these patterns that we
are able to access the components of the pairs constructed in the syntax (so
we do not need explicit projection functions). Thus we can write terms such as
λhx, yi.t, λhx, hy, zii.t, etc. Because the language is typed, we will always have
arguments of the correct shape for the pattern matching.
In Figure 1 we give the (linear) typing rules for this calculus. We write
judgements as p1 : A1 , . . . , pn : An ` t : B. The typing rules also capture
the linear variable constraints in an alternative way.
Our version of linear System T has a number of useful properties: it is confluent, strongly normalising and reduction preserves types. Reduction also preserves
the variable constraints, and is adequate to give normal forms for programs of
type nat. We first define reduction, then give explanations below.
Definition 1 (Reduction). The main reduction rules for this calculus are
given in the following table:
Reduction
(λp.t)v
−→ [p  v].t
iter (S t) u v −→ iter t (vu) v
iter 0 u v
−→ u

Condition
fv(λp.t) = ∅
fv(v) = ∅
fv(v) = ∅

Context
Γ, p : A, q : B ` t : C

(Var)

(Pattern Pair)

x:A`x:A

Γ, hp, qi : A ⊗ B ` t : C
Γ, p : A, q : B, ∆ ` t : C
(Exchange)
Γ, q : B, p : A, ∆ ` t : C

Logical Rules:
Γ, p : A ` t : B
(−◦Intro)
Γ ` λp.t : A −◦ B

Γ ` t : A −◦ B

Γ `u:A
(−◦Elim)

Γ ` tu : B
Γ `t:A

∆`u:B
(Pair)

Γ, ∆ ` ht, ui : A ⊗ B
Numbers:
(Zero)

Γ ` t : nat

(Succ)
Γ ` S t : nat
Γ ` t : nat ∆ ` u : A Θ ` v : A −◦ A
(Iter)
Γ, ∆, Θ ` iter t u v : A
Γ ` 0 : nat

Fig. 1. Linear System T

Terms
x
tu
λp.t
hp, qi
0
St
iter t u v

Variable Constraint
−
fv(t) ∩ fv(u) = ∅
bv(p) ⊆ fv(t)
fv(p) ∩ fv(q) = ∅
−
−
fv(t) ∩ fv(u) = fv(u) ∩ fv(v) = ∅
fv(t) ∩ fv(v) = ∅
Pattern Variable Constraint
x
−
hp, qi
bv(p) ∩ bv(q) = ∅
Table 1. Terms

Free Variables (fv)
{x}
fv(t) ∪ fv(u)
fv(t) r bv(p)
fv(p) ∪ fv(q)
∅
fv(t)
fv(t) ∪ fv(u) ∪ fv(v)
Bound Variables (bv)
{x}
bv(p) ∪ bv(q)

The conditions on the rules are used to constrain the possible reductions and
preserve the linearity of the terms. The matching operation [p  u].t is inspired
by that of the ρ-calculus [5]. λp.t is a generalised abstraction—it can be seen as a
λ-abstraction on a pattern p instead of a single variable. [p  u].t is a matching
constraint denoting a matching problem p  u whose solutions will be applied
to t. The reduction rules for the matching construct are:
[x  v].t
−→ t[v/x]
[hp, qi  ht, ui].t −→ [p  t].[q  u].t
Thus matching creates substitutions. Substitution is a meta-operation defined as
usual, and reductions can take place in any context. Matching forces evaluation
of terms, and will always succeed.
This calculus has a number of properties: it is terminating and confluent,
and reduction preserves types. We will not give an extensive study of those
properties here however, as we are interested in implementing this calculus in
interaction nets. We will simply give an important property of reduction that
will be essential to prove any results about the encoding later. Define t ⇓ n if
t −→∗ u and u is a normal form (i.e., no further reduction is possible).
Lemma 1. Let t be a closed linear System T term. If t ⇓ u then exactly one of
the following occurs:
1. if t : nat, then u = S n (0).
2. if t : A ⊗ B, then u = hv, wi, for some terms v and w.
3. if t : A −◦ B, then u = λx.v, for some term v.
Proof. We show the case for nat. Since t is closed and reduction preserves types,
u can only be a number, an application or an iter construct. If u is an application,
say (λx.a)b, then since u is closed, (λx.a) must also be closed, and therefore it is
not a normal form as a reduction can take place (contradiction). If u is an iter,
say iter n a b, then since u is closed, n must also be closed, and therefore it is
not a normal form as a reduction can take place (contradiction). Therefore, u
must be a number. The other two cases follow similar reasoning.
2.3

Examples

Here we give a several examples to illustrate how to use the syntax and what
terms look like.
– Pairs and pattern matching:
λhx, yi.hy, xi : A ⊗ B −◦ B ⊗ A
λhx, hy, zii.hhx, yi, zi : A ⊗ (B ⊗ C) −◦ (A ⊗ B) ⊗ C

– Addition, multiplication and exponentiation can be defined as:
add = λmn.iter m n (λx.Sx) : nat −◦ nat −◦ nat
mult = λmn.iter m 0 (add n) : nat −◦ nat −◦ nat
exp = λmn.iter n (S 0) (mult m) : nat −◦ nat −◦ nat
Note in particular that each function satisfies the linearity constraints.
– When we need to copy or erase, we can do that as shown in the following
examples for numbers:
C = λx.iter x h0, 0i (λha, bi.hSa, Sbi) : nat −◦ nat ⊗ nat
fst = λhn, mi.iter m n (λx.x) : nat ⊗ nat −◦ nat
snd = λhn, mi.iter n m (λx.x) : nat ⊗ nat −◦ nat
– Ackermann’s function is a standard example of a non primitive recursive
function:
ack(0, n)
=Sn
ack(S n, 0) = ack(n, S 0)
ack(S n, S m) = ack(n, ack(S n, m))
In a higher-order functional language, there is an alternative definition that
we can write in our syntax:
ack = λm.λn.(iter m (λx.S x) (λxy.iter (S y) (S 0) x))n
We can simplify this definition slightly by using the usual η-rule: λx.tx = t,
(we remark that x 6∈ fv(t) because of the linearity constraint).
ack = λm.iter m (λx.S x) (λxy.iter (S y) (S 0) x)
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Interaction net encoding

In this section we give a translation T (·) of linear System T into interaction
nets. A term t with fv(t) = {x1 , . . . , xn } will be translated as a net T (t) with
the root edge at the top, and n free edges corresponding to the free variables:

T (t)
···
x1 xn
The labelling of free edges is just for the translation (and convenience), and is
not part of the system. The nodes needed for this compilation will be introduced
on demand, and we give the interaction rules later in the section. We will occasionally make some assumptions about the order of the free edges to make the
diagrams simpler below.

Variable. When t is a variable, say x, then T (t) is translated into an edge:

x
Abstraction. If t is an abstraction, say λp.t0 , then there are two alternative
translations of the abstraction, which are given as follows:

λ
T (t0 )
r

Tp (p)
λc
Tp (p)
···

r
T (t0 )
···

b

b

v

x1
xn
In these diagrams, we use an auxiliary function for the translation of patterns
Tp (p) which is given by the following two rules.

O
Tp (p)
x
Tp (x)

···

Tp (q)

···
Tp (hp, qi)

If p is a variable, then it is translated into an edge. Otherwise, if it is a pair
pattern, then it is translated as shown in the right hand diagram above.
Returning to the compilation of abstraction, in the first case, shown on the
left in the above diagram, is when fv(λp.t0 ) = ∅. Here we use a node λc to
represent a closed abstraction and we explicitly connect the occurrence of the
variable of the body of the abstraction to the λc node.
The second case, shown on the right, is when fv(λp.t0 ) = {x1 , . . . , xn }. Here
we introduce three different kinds of node: λ of arity 3, for abstraction, and two
kinds of node representing a list of free variables. A node b is used for each free
variable, and we end the list with a node v. The idea is that there is a pointer to
the free variables of an abstraction; the body of the abstraction is encapsulated
in a box structure. We assume, without loss of generality, that the (unique)
occurrence of the variable x is in the leftmost position of T (t0 ).
It is worth noting that a closed term will never become open during reduction,
but crucially for this system to work, terms may become closed during reduction.
The distinction between open and closed terms is important in the dynamics of
the interaction system that is given later.

Application. If t is an application, say uv, then T (uv) is given by the following net, where we have introduced a node @ of arity 2 corresponding to an
application.

@
T (u)

T (v)

···

···

Pair. If t is a pair, say hu, vi, then T (hu, vi) is given by the following net, where
we have introduced a node ⊗ of arity 2 corresponding to a pair.

⊗
T (u)

T (v)

···

···

Numbers. A number will be represented by a chain of successor nodes (S), terminating with a zero (0) node. S has one auxiliary port, and 0 has none. Therefore,
if t is a number, it is either 0 or S(u), for some term u. These two cases are
translated as follows:

T (0) =

0

T (S(u)) =

S
T (u)
···

Iterator. If t is iter n u v, then we introduce one new node. The principal port
of this node points to the function v, because we must wait for this to become
a closed term before starting the interaction process.

It
T (n)
···

T (u)
···

T (v)
···

This completes the compilation function. A closed term will be translated as a
net with one edge at the root of the term. We give some examples before defining
the reduction rules for the interaction nodes that we introduced in the above
compilation. The first example is the net T (λhx, yi.hy, xi), which illustrates the
pattern and pairing construct:

λc
⊗

O

The second example shows the function snd defined previously. The compilation T (λhm, ni.iter m n (λx.x)) gives the following net:

λc

O

It
λc

The final example, given in Figure 2 is the net corresponding to the Ackermann function: T (λm.iter m (λx.S x) (λxy.iter (S y) (S 0) x)).

3.1

Reduction

We next give the rules to complete the interaction net system. In Figure 3 we
give the first seven interaction rules that encode β-reduction, pattern matching
and substitution. The first rule starts the implementation of β-reduction, connecting the body of the abstraction to the result, and the argument becomes
a substitution. The second rule implements the matching. The remaining rules
propagate a substitution through a net, and an important rule is v interacting
with λ, where a closed abstraction is created.
The rules so far are similar to some other interaction net systems for the
λ-calculus, so could be considered standard. The next three rules implement
the iterator operation that we explain in more detail. When the iterator node
interacts with a closed abstraction we have the following rule:

c
It
c
c


It

S

S
S

0
b

v

Fig. 2. Ackermann function

It

=⇒

Itc

λc

This rule creates a new node Itc that will interact with numbers. The node also
holds on to the body and the variable edge of the abstraction. The two rules
for the Itc node are as follows. The first rule is when we erase the function, and
connect the result to the base value.

Itc

=⇒





0
The final rule is when we unfold one level of iteration. Here the function is
duplicated with δ nodes, and one copy is applied to the base value as required.
Because the function being duplicated is closed, the duplication process is easily
proved to be correct.

⊗

@
=⇒

=⇒

λc

O

b
=⇒
λc
v

λc

S

b

=⇒

λ

b

=⇒

=⇒
0

S

0

b

b
⊗
=⇒
⊗

b

Fig. 3. Interaction Rules

b

λc

Itc

Itc

=⇒

S
δ

δ

In Figure 4 we give the final rules for duplication and erasing, where we use α
to range over all other nodes in the system.

α

δ

δ

α

=⇒

=⇒
α

δ

δ

···

δ

···



···



=⇒
α
···

Fig. 4. Duplication and Erasing Interaction Rules

These rules are all that we need to implement our linear System T . By
showing that we simulate the reduction rules we get the following result.
Theorem 1. Let t : nat be a closed linear System T term with normal form u,
then T (t) ⇓ T (u).
It is possible to give an encoding of Gödel’s System T directly to interaction
nets, however this comes at a cost as we must incorporate the non-linear aspects
of the λ-calculus: copying and erasing. With our encoding, we have isolated the
copying and erasing to closed functions, which is a much simpler operation (and
we do not need many of the so-called bookkeeping operations of the general
systems). Thus, using a result from [1], stating that the linear version is as
powerful as the non-linear version, gives a greatly simplified interaction system.
Moreover, we can go further. Using a result of Dal Lago [6]: if we take the
linear λ-calculus where iterated functions must be closed by construction (i.e.,
fv(v) = ∅ in iter t u v) then this system captures exactly the primitive recursive
functions. If we are building functions to iterate that must be closed by construction, then we no longer need the box structure to identify when a term becomes

closed. The consequence of this result here is that we can eliminate b, v and λ
nodes (and the associated interaction rules), so that λc and @ are sufficient to
encode the linear λ-calculus.
Theorem 2. An interaction system built from the nodes 0, S, It, Itc , δ, , λc ,
and @ is complete for primitive recursive functions.
The encoding of the linear λ-calculus as a system of interaction nets is particularly simple, since substitution is implemented for free: β-reduction is a constant
time operation. This is a consequence of the fact that substitution is essentially
implemented as an assignment. What we have achieved therefore is a very simple,
with no overheads, implementation of Gödel’s System T and primitive recursive
functions in interaction nets.

4

Discussion

Very few people write programs with unary arithmetic (zero and successor).
Nevertheless, the same techniques are used to represent lists and other datastructures that are ubiquitous. All our results can be adapted to work for a
version of System T with built-in numbers (and also richer data-types), together
with operations that work directly with these numbers. Our belief is that to
understand complex languages and make them efficient, it is fruitful to start
with simple subsets and build up. This is the approach we have taken in this
paper.
Implementations of the λ-calculus are made complicated by the non-linear
aspects of the calculus. Using the linear λ-calculus with iterators gives a simpler
formulation of many algorithms, and even simpler when the iterated function
is closed. It is possible to use compilation techniques to transform a non-linear
algorithm in System T to our linear version, and in addition find ways to close
functions. This approach uses some standard ideas from compilation such as
continuations, but applied to a linear setting. We hope to report on some of
these details in a future work, and also the impact on implementation efficiency.
Finally, we mention that there are a number of parallel implementations of
interaction nets, and consequently the system presented in this paper can directly
take advantage of this. However, some choices in the encoding can give different
results: the most efficient sequential system is not necessarily the best system to
try to run on parallel hardware. Again, we hope to be able to understand this
aspect better through extensive benchmark testing.

5

Conclusion

We have given a very simple and efficient implementation of Gödel’s System T
using the graph rewriting formalism of interaction nets. The aim of this paper
was initially to apply some of the ideas used for the representation of the λcalculus in interaction nets to the the linear version of System T to investigate
if the resulting system provides a useful implementation technique.

This work is a building block in a larger programme of research to investigate
when interaction nets are useful for the evaluation of programs (either because
they are more efficient than standard techniques, of if they offer some other
advantage such as parallelism, small run-time system, etc.). A first step in this
direction is the extension of the language with data-types, in particular lists, and
investigate if other algorithms can also benefit from the techniques used here.
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